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A rigorous treatment of image formation, taking into account inelastic scattering and partially coherent illumination, is
given for the CTEM. The results also hold for a STEM if the momentum vectors of the incident and outgoing waves are interchanged and the flight direction of the electrons is reversed. A generalized optical theorem is found which connects the antiFriedel part of the elastic scattering amplitude with the squares of the elastic and inelastic scattering amplitudes. This theorem has important consequences for all approximation methods. For example, it shows that inelastic scattering influences
the elastic scattering amplitude.
It is further shown that the observed wings in optical diffractograms, obtained from micrographs of amorphous material
taken using tilted beam illumination, can only be explained if double scattering (elastic and inelastic) is assumed.
Hollow-cone illumination strongly suppresses the structural noise in the phase contrast image. The corresponding phase
contrast transfer function (PCTF) is calculated for two different cone angles, assuming that no beam-limiting aperture is
present. In addition, the PCTFs of a corrected microscope are calculated for two different illumination modes, one yielding
negative and the other positive phase contrast. Finally, the contrast transfer has been investigated for a STEM operating with
a split detector.

1. Introduction
Objects which do not significantly change the intensity of incident radiation, but only shift the phase of
the scattered wave, are commonly called phase objects.
In contrast, amplitude objects change the intensity o f
the transmitted beam. This change does not necessarily
require a real absorption of electrons within the specimen. This occurs only in very thick objects, in which
some electrons are slowed down by multiple inelastic
scattering processes and are absorbed within the object.
In electron microscopy change in the intensity o f the
transmitted beam is caused mainly by scattering. All
scattered electrons which are either backscattered or
removed from the beam by the objective aperture can
be considered absorbed because these processes have
the same effect as a real absorption of particles within
the object.
Thin biological objects scatter only a very small
fraction of the incident elect.rons, and the scattering
* This paper is dedicated to my esteemed teacher and colleague,
Professor Dr. Otto Scherzer, on the occasion of his 68th birthday.
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is strongly forward-directed. Thus many o f the scattered electrons pass through the hole of the aperture. The
fraction which is removed by the aperture is the smaller
the higher the resolution. These objects can be treated
to very good approximation as pure phase objects,
since the absorption is so small that no detectable contrast is created in the image.
In light optics, phase objects are made visible by a
phase-shifting plate first introduced by Zernike [1].
The phase plate is placed in the back focal plane o f
the objective lens and shifts either the phase o f the
diffracted light or that of the direct beam. Positive
phase contrast is obtained for a phase difference o f
odd multiples of rr (destructive interference), while
negative phase contrast (constructive interference) occurs for even multiples of rr. Ideal phase plates which
shift only the phase do not exist in electron microscopy, since each foil consists of atoms which also scatter the electrons. This scattering causes a frosted-glass
effect and blurs the image. Furthermore, the foils must
be homogeneous and of precise thickness over the entire aperture. Only recently has it become possible to
produce phase plates with the required accuracy.
As early as 1949, Otto Scherzer [2] found a phase-

252

H. Rose /Nonstandard imaging methods in electron microscopy

contrast method which avoids the use of foils entirely
by producing the necessary phase shift in the lens itself. Scherzer took advantage of the fact that all round
electron lenses are poor compared with the glass lenses
used in light optics. In a famous paper [3] he showed
that the spherical and chromatic aberrations of rotationally symmetric electron lenses are unavoidable. In
part, Scherzer's theorem states that the outer zones of
an electron lens always have a higher refractive power
than the inner ones. This spherical aberration shifts
the phase of the electrons which pass through the outer
zones of the lens; the phase shift increases rapidly with
increasing radius of the lens zone.
From light optics it was known that the effect of
this aberration can be partially counterbalanced by a
properly chosen defocus. Scherzer demonstrated that
it is possible to choose the defocus in such a way that
an almost constant phase shift of ½~ is obtained over
a wide aperture range. As a result, the phase of the diffracted beam is shifted by an amount of approximately
½7r while the phase of the unscattered beam remains unaffected. It has become customary to call the optimum
defocused object plane the Scherzer focus.
Scherzer also found an ingenious method to circumvent his own theorem [4]. He showed that it is possible
to correct the third-order spherical aberration using a
corrector which consists of nonrotationally symmetric
elements. One can consider the corrector as "glasses"
to eliminate the aberrations of the poor objective lenses.
Quadrupole-octopole correctors are extremely complicated to align and to stabilize. This is one of the reasons that no success has yet been achieved. At present
two correctors are being tested, one in Scherzer's own
laboratory and the other at the University of Chicago.
If correction works (in fact, we know of no physical
law which prevents it from doing so), it will be possible
to improve resolution and phase contrast further, since
then the defocus and the third-order spherical aberration are free parameters which can be utilized to increase the angular range over which the phase shift 3'
stays close to its ideal value of ½n. Due to the importance of subatomic resolution for biology and material
science the entire scientific community hopes for a
success of the correction efforts which undoubtedly
would crown the work of Otto Scherzer.
The standard phase-contrast method in high-resolution electron microscopy uses axial coherent illumination, which guarantees that the envelope of the con-

trast transfer function stays constant over the transmitted frequency spectrum. However, it also introduces severe structural noise and artifacts, created by
an overlap of Fresnel fringes into the image. The substrate noise, which appears as granularity, is a frequently encountered effect in the imaging of statistically distributed objects by highly coherent radiation. The observed patterns are known as speckles. The artifacts
and speckles can be strongly suppressed by using partially coherent illumination. Unfortunately, this also
reduces the object contrast, but the signal-to-noise ratio
(S/N), which determines the visibility of object details,
does improve in many cases. The SIN is defined as the
quotient of object and noise contrasts. The total noise
results from the statistical spatial fluctuations of the
electrons and by the structural noise. Since quantum
noise contrast and structural noise contrast are statistical quantities, they sum quadratically to produce total noise contrast.
The reduction of the speckles will improve as the
phase-contrast transfer function (PCTF) approaches
the triangular shape of the corresponding function of
a self-luminous object. It was suggested [ 5 - 7 ] that
hollow-cone illumination, which yields higher resolution and suppresses artifacts and structural noise considerably, would improve the quality of phase contrast
images in many cases. However, experimentalists did
not take notice of these suggestions until recently [8].
The impetus to explore the possibilities of phase
contrast for nonstandard partially coherent illumination (hollow-cone illumination) originated from earlier
work on phase contrast in the scanning transmission
electron microscope (STEM). In the following we shall
investigate the most promising arrangements for both
the conventional transmission electron microscope
(CTEM) and the STEM.
The theory of image formation in electron microscopy is not yet fully developed; as a result confusing
statements are quite often made. For example, the
winged diffractograms, first obtained by Parsons and
Hoelke [9] from micrographs of various amorphous
specimens taken with tilted illumination, have been
interpreted implicitly [10] or explicitly [1 1] as an
effect of interference of the inelasticaUy scattered
wave with the "corresponding" wave of the unscattered beam. Such an explanation is rather dubious for
the following reasons. First, no corresponding unscattered beam exists because the energy width of the inci-
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dent beam was much smaller than the energy loss suffered by the inelastically scattered electrons. Second,
the inelastic scattering distribution (especially in the
case of plasmon excitation) is strongly peaked in the
forward direction. Therefore no electrons that are only
inelastically scattered should be found in the high spatial frequency region. Third, the object was supposed
to be so thin that plural scattering could be neglected.
A more rigorous theoretical treatment in fact shows
that the observed wings are due to double scattering.
Strictly speaking, they result from interference between the elastically and inelastically scattered part of
the wave and the part that is only inelastically scattered. Therefore, the experiments of Parsons and Hoelke
can be considered proof for the assumption that additional inelastic scattering processes do not significantly
destroy spatial coherence. To my knowledge, nobody
seems to have pointed out this important fact. There
remains of course the question of why the calculations
[10, 11 ] satisfactorily describe the observed phenomenon. An explanation will be given in this paper.

that all incident beams from different directions are
completely incoherent with each other. This assumption implies an infinitely extended effective source. It
is not valid in the case of illumination of only a small
area of the object. No post-specimen lens is assumed
for the STEM. With these assumptions in mind, the
detector angle of the STEM and the illumination angle
of the CTEM can be considered conjugate quantities.
Let us assume an illuminating plane wave whose
direction is given by the wave vector
K = e z k cos® + K±,
K± = k(ex cos • + ey sin ~) sin O,

The influence of tilted illumination on contrast and
resolution was investigated by Scherzer in his famous
treatise [2] although he did not outline all the mathematical details. This may be the reason that the theory
of image formation under tilted illumination has recently been reinvented by many authors. If we consider the reciprocity theorem [12,13], most papers
on the theory of image formation in the STEM also
completely describe the CTEM images for tilted illumination, since the detector angle in the STEM corresponds to the illumination angle in the CTEM. Differences occur only if inelastic scattering is incorporated
in the theory. The inelastically scattered electrons pass
through the objective lens in the CTEM but not in the
STEM.
The wave function in the image plane of a CTEM,
o/;(p), is obtained from the wave function in the object plane by a sequence of Fourier transforms. The
wave function in the detector plane of a STEM, qsO(P),
is obtained by an analogous procedure. The vectorp
is perpendicular to the optical axis and indicates the
location of the image point referred to the object plane.
To simplify our calculations we assume for the CTEM

(1)

where X = 21r/k is the wavelength of the incident electron. The angles ® and • determine the direction of
incidence; ex, ey and ez are the unit vectors in x, y and
z direction. The direction of the outgoing elastically
(n = 0) or inelastically (n :/: 0) scattered electron is determined by the wave vector
k n = k n e z cos0 + k n i ,
kn± = kn(ex cos ¢ + ey sin ¢) sin 0,

2. Image formation in CTEM and STEM
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(2)

where 0 and ¢ are its angular coordinates. In the small
angle approximation the perpendicular momentum
components
K± -~ k O ,

kn± : knO

(3)

are proportional to the angles ® and 0 which subtend
the optical axis in the direction of the incident and
outgoing electron, respectively. After the inelastic process the electron has suffered an energy loss
AEn = fi(~n - ~ o ) ,

(4)

where hco o and h~o n are the energies of the incident
and outgoing electrons, respectively, resulting in a
smaller wave number k n = 27r/Xn.
When these definitions are used, the wave function
in the image plane z = z z has the form
o/I = A(®,~) e -i't'(K) e i(kzl-t°Ot)

X e -i'Y(Rn) F n ( k n , I 0 e i(k:n - g ) r d~0 ,

(5)

whereA(O, ¢) is the aperture function. If no beam stop
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is present in the back focal plane, the aperture function
has the form
A(®, ~) = A(O) =

{10 f°r
for

O<0o
®>0 o

(6)

which guarantees that the direct beam is only transmitted if O is smaller than the limiting aperture angle
0 o. The three-dimensional position vector r = p + ezZ o
indicates a point in the object plane z = z o. The transition of the object state from its ground state n = 0 to
the final state n is not necessarily the effect of only a
single scattering process; it can be the result of successive scattering events. The scattering amplitudes
Fn(kn, K) describe the angular distribution of the scattered electron wave; Fo(ko, K) = F(k, K) is the elastic
scattering amplitude of the entire object. The angular
integration d~20 has to be taken over the entire solid
angle of the aperture; T(kn)= T(0, ~, AEn) is the phase
shift of the objective lens for an electron which has
suffered an energy loss AE n . For an astigmatism-free
round lens 3' has the well-known form [2]

3,(0, ¢, AE,,) = v(0, a G )
= kn(~C304 - ½AfO 2 + C¢(AEn/2Eo) 0 2 ) ,

(7)

where E o is the mean kinetic energy of the incident
electrons, and C a, C c and Afare the constants of
spherical aberration, chromatic aberration, and defocus.
The wave function in the detector plane of a STEM
is obtained from eq. (5) if we replace the index I by D
and make substitutions in the integrand:
k n ~ -k,

K ~ -Kn,

Xn -~ X.

(8)

(9)

of the scattering amplitudes we finally arrive at
kl.tD =

A(®, ¢)

n=O

X

e -i3'(-r)

e i(kzo-t°Ot)

•-#

A

Fn(Kn, k) e i ( x n - k ) r d~0 •

AfCTEM = ZO -- ZF,

A/STEM = ZF -- ZO.

(1 I)

With these definitions a positive defocus always represents an underfocused lens for the CTEM as well as the
STEM. The number of incident electrons per image
element in the CTEM is proportional to
f = (l/k)llm ~ * a,I,/az
(12)
the current density averaged over the illumination
time to; Im indicates that the imaginary part has to be
taken. During the illumination time the interference
terms of waves with different frequencies (com ~ ~ n )
oscillate many times and do not contribute to the
recorded image intensity. Therefore only the elastically scattered wave can interfere with the unscattered
beam. For purely elastic scattering the current density
j is time-independent and takes its well-known form
i = 7= ,z,~*.
Using (5) and (12)we obtain for the time-averaged
current density in tile image plane tile expression
/~(o,K) = A(O, q ~ ) 1 - ~ 2 imfe_il.r(k)_v(K) I
X e i(k-K)r F ( k , K ) d ~ 0 ]
I

"l'~n~O~2ife--iIT(kn)--?(kn)'
)t n
s o
-

~

t

X A(O, ep)A(O, ¢ )Fn(kn ,K)F;, (kn, K)

By taking into account the reciprocity relation
F n ( - k , - K n ) = Fn(Kn, k)

plane z = ZF changes when the flight direction of the
electron is reversed. As a result the phase shift 3' given
by eq. (7) is only invariant with respect to inversion
(7(k) = "if-k)) if we define the defocus differently for
the STEM and the CTEM. The invariance is guaranteed
if we define

(10)

The described procedure can be considered a reversal
of the propagation direction of the electron wave (see
fig. 1). The succession of object plane z = z o and focal

e i(kn-kn)r dgZo d a 0 ' .

(13)

This formula is valid for arbitrary objects. Of course a
great deal of work is necessary to calculate the scatterhag amplitudes F n for a specific object. The first term
ha eq. (13) describes tile constant background intensity. The second term results from the interference of
the elastically scattered wave with the unscattered
wave. The last term, which contains the quadratic
terms of the scattering amplitudes, entirely describes
the image intensity in the case of dark-field imaging,
while in the case of bright-field imaging it partly
describes the scattering absorption contrast. It also
contains the contribution of the inelastically scattered
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Fig. 1. The m o m e n t u m vectors of an incident and outgoing
electron for the STEM and CTEM and the definition o f the
corresponding angles of incidence and deflection. Note that in
going from the STEM to the CTEM the direction o f the z-axis
is reversed.

electrons to the image formation. It should be noted
that the relations (5), (10) and (13) are valid only as
long as the imaged object remains within the isoplanatic region. Only in this case is the phase shift 7 independent of the location of the specimen in the object
plane.

2.1. Preservation of phase contrast by additional inelastic scattering
McFarlane [10] and Krakow [11] have treated the
influence of inelastic.scattering on the image contrast
by assuming the existence of linear phase contrast terms
for both elastic and inelastic scattering. In addition,
they neglected the quadratic terms.
A contrast term which is linear in the inelastic scattering amplitudes Fn does not occur in the rigorous
theoretical treatment outlined in section 2 since the
unscattered and inelastically scattered parts of the electron wave cannot interfere with each other. Therefore,
inelastic scattering is automatically disregarded if the
quadratic terms are neglected. Nevertheless, a careful
investigation of the quadratic terms indicates that an
interference between inelastically scattered waves is
possible. For example, the elastically scattered and the
unscattered parts of the electron wave remain coherent if both undergo the sam~ subsequent inelastic scattering process. Indeed, their phases are changed due to
the energy loss, but their phase difference remains the
same.
Inelastic scattering occurs predominantly in forward
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direction. In particular, the excitation of nonlocalized
electrons such as free electrons in metals (plasmon excitation) or n-electrons in macromolecules causes almost no deflection at all. Taking this into account, we
can arrive at the results of [10] under the following assumptions: (a) the foil is so thick that many electrons
have undergone two scattering processes; and (b) inelastic scattering causes an energy loss but no deflection.
Using these assumptions the third term of eq. (13)
was evaluated by means of the Glauber formalism [14].
If we expand this term in a power series with respect to
the object potential, it becomes apparent that a thirdorder term is responsible for the observed wings in the
diffractogram. More precisely, this term is a convolution of the elastic scattering amplitude with the Fourier
transform of the nonlocal potential. The calculations
for an amorphous object of uniform thickness show
that inelastic scattering reduces the elastic scattering
amplitude by a factor
B = exp[-Ni],

where

N i = ~,i/S

(14)

is the number of inelastic mean free path lengths; Z i
is the total inelastic scattering cross section, and S is
the area of the amorphous object. It should be noted
that 1 - B is identical with the free parameter P in

[lo].
Almost all electrons are scattered elastically at least
once in objects which are significantly thicker than the
mean free path length. In this case no distinct reference
beam exists and, as a result the wings of the diffractoo
gram start to blur with increasing foil thickness. They
are completely washed out in the limiting case of very
thick specimens.
Our calculations have shown that for N e ~< 1 additional inelastic scattering can be described to a very
good approximation by a properly chosen energy distribution of the elastically scattered electrons.
The results of our calculations can be summarized
as foUows: (a) additional inelastic scattering does not
significantly destroy spatial coherence; (b) the wings
observed in optical diffractograms of micrographs of
amorphous material taken under tilted illumination
are due to double scattering (elastic and inelastic); and
(c) no wings should be observed for very thin (Ni '~ 1)
or very thick objects (N e >> 1).
One-way to check these statements experimentally
would be to take micrographs of different foil thicknesses under identical imaging conditions.
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3. The generalized optical theorem
From eq. (13) an important relation can be obtained for the scattering amplitudes. However, instead of
starting from eq. (13), it is more convenient to start
from the corresponding expression for the current density in the detector plane of a STEM,/~, derived from
eq. (13) if we perform the substitutions presented in
(8) in the integrands of the second and third terms and
t
replace k n by - k ' . We further assume that no particles
have been absorbed within the object. Thus the current
density/~ must be divergenceless. In other words, the
total incident current I 0 = 7r002must be identical to the
total outgoing current:
f]-z~ d ~ o = I0

i

(15)

This condition leads after some algebraic manipulations
to the identity:
1

,

{F(k , k) - F*(k, k') }
oo

=4n
L In=o
~ k,,fF,,fX.,k)F*fKn,k') d~2o,

(16)

where the integration has to be taken over the entire
solid angle 4n. This relation is an extended version of
Glauber's "generalized optical theorem" [14] as it explicitly takes into account elastic and inelastic scattering.
It is convenient to separate the elastic scattering
amplitude
F(k', k) = Fs(k', k) + iF a (k', k)
into two parts, where
Fs(k', k) = [F(k', k) + F*(k, k')]/2

(17)

(lSa)

is the "Friedel" term and
Fa(k', k) = [F(k', k) - F*(k, k')]/(2i)

(lSb)

the "anti-Friedel" term. Comparing eq. (18b) with the
left side of eq. (16) immediately shows that the generalized optical theorem connects only the anti-Friedel
part of the elastic scattering amplitude with the quadratic terms of the elastic and inelastic scattering amplitudes. The iclentxty (16) is necessary to preserve the
number of electrons. It should be noted that all reliable
approximation methods to describe the image contrast
have to fulfill this condition. For example, neglecting
the quadratic terms in eq. (13) requires that the antiFriedel part of the elastic scattering amplitude must

also be neglected; otherwise, all calculations are not
consistent within the order of the approximation.
Most authors who have investigated the significance
of the anti-Friedel term in expressions of bright-field
image contrast have not considered the quadratic terms.
Their results must be viewed cautiously (e.g., [15] ), because the optical theorem has been violated. The same
holds true if the squared terms are taken into account
and the anti-Friedel part of the elastic scattering amplitude is dropped in the phase contrast term of eq. (13).
In the case o f k = k', eq. (16) reduces to the familiar
form of the optical theorem:
Im F(k, k) = k(~ e + ~i)/(4rr) = kY.tot/(4n).

(19)

This identity is a requirement of particle conservation
and connects the imaginary part of the elastic scattering amplitude in the forward direction with the total
scattering cross section ~tot. The latter is the sum of
the elastic scattering cross section ]ge and the inelastic
scattering cross-section ~i of the entire object.
It should be mentioned that we have not made use
of the small-angle approximation in the derivation of
the generalized optical theorem (16). Therefore, its
validity is not limited to small angles. If we neglect the
quadratic terms in eq. (16) we restrict ourselves to the
kinematic approximation and arrive immediately at
Friedel's law:
F(k', k) = F*(k, k') = F a ( k ' - k) .

(20)

The second identity becomes obvious if we remember that the first order Born approximation of the
scattering amplitude F B depends only on the scattering vector k ' - k.
The generalized optical theorem can be utilized to
derive the second-order Born approximation of the
elastic scattering amplitude by inserting the first-order
scattering amplitudes in the right side of eq. (16). This
procedure immediately shows that the imaginary part
of the elastic scattering amplitude of a single atom also
depends on the inelastic processes within the atom. If
we neglect inelastic scattering, the first-order approximation of the anti-Friedel term Fa(1) is proportional to
the contribution F~ 2) of the second-order Born approximation to the elastic scattering amplitude:
F(l)(k ', k ) =

~ fFB(K-k) F~(X-k') dao

= Fa(1) ( k ' - k) = - / F ~ 2) .

(21)
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The second identity becomes obvious if we choose the
direction of the scattering vector K - k as the axis of
the spherical coordinate system. This can always be
done, since the integration has to be taken over the entire sphere. It should be mentioned that the range of
the first-order Born approximation is greater than that
of the weak-phase object approximation because the
curvature of the Ewald sphere has been neglected in
the latter. Eq. (21) is valid as long as the object is so
thin that plural electron scattering can be disregarded.
Due to the fact that single scattering is concentrated
in the forward direction we can replace the integration
over the sphere by an integration over the plane which
is tangent to the sphere at K - k. In this case, the antiFriedel term F(aO is proportional to the autocorrelation
function of the Friedel term.

4. Contrast in the CTEM
The aperture and tilt angles commonly used in electron microscopy are very small. Furthermore, the scattering is concentrated in the forward direction as long
as the objects are thin enough to rule out significant
beam broadening by plural scattering. Under these conditions, in eq. (13) and eq. (16) we can replace the integrations over the solid angles by integrations over the
tangential planes that are perpendicular to the optical
axis:
dr2 o ~ d 2 0 ,

d~ o ~d20.

(22)

A vast number of different definitions for the image
contrast can be found in the electron optics literature.
For example, an inexperienced reader may easily become confused when the same contrast is positive in
one paper but negative in another. In the following we
use the standard notation of light optics, which we
hope will become the standard definition in electron
microscopy too. We define the image contrast as

C(p) = 1 - I(p)/I o ,

(23)

where I o denotes the average background intensity.
We assume partially coherent illumination, which
means that the illumination,has a certain angular divergence. Furthermore, the intensity may vary within the solid angle ~ o of the incident beam. For'the
STEM this angle is equal to the solid angle rr02 of the
objective aperture. We describe the variation in angu-
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lar intensity by an illumination function

D(O)/~2o .

(24)

In the case of uniform illumination D = 1. For the
STEM, D can be considered the detector response
function. Negative values of D cannot occur in the
CTEM but are possible in the STEM [6, 16], where
they indicate a signal subtraction. By using the illumination function, eq. (24), the intensity in the image
of a CTEM for partially coherent illumination may be
written as
1

l(p) = -~oofD(O)/(p, O) d 2 O,

(25)

where ] is the image intensity for a single tilt angle.
The integration has to be taken over the entire Oplane
The same equation holds true for the image intensity
of a STEM if we interpret j = ID as the current density
distribution in the detector plane. Replacing the antiFriedel term in the intensity distribution (13) by the
right side of the generalized optical theorem (16) allows us to unambiguously discriminate the phase contrast created by the electrons that are only elastically
scattered from the scattering absorption contrast and
the contrast produced by the energy loss electrons. If
we insert the modified expression eq. (13) for the intensity in eq. (25) and also use eq. (23) we find for the
contrast

c(p)=

2

ImffA(e)D(~)A(O)

X e il'r(o)-'r(°)+k(O-O)p+ka°(°2-°2)/21
o®

X Fs(0,O)d2 Od20+ - - L
47r2~o

Re ~ k----~n
n=0 k

x : f : A ( 0 ) D(O) (k2A(O)

X e il'y(®)-'y(O)+k(O-O)p+kz°(02-®2)/2]

x

Fn(O',O) F*(O', O) - k A(O')

X ei[~n(O')-'rn(O)+kn(O-O')p+knz°(02-O'2)12]
X F,(O,O)F*(O',O)} d2 Od2O 'dZo,

(26)
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where 7n(O) = 3'(0, AEn) is the phase shift of the inelastically scattered electrons attributable to the lens
aberrations. The first term of eq. (26), which describes
the phase contrast of the elastically scattered electrons,
is proportional to the Friedel term of the elastic scattering amplitude. The quadratic terms yield the scattering absorption contrast as well as the phase contrast of
the inelastically scattered electrons (plural scattering
effects). We can easily demonstrate the different behavior of the two terms by considering the mean contrast C= ( 1 / S ) f C d2pof a single object. The integration over the object area S can be extended over the
entire image plane since the contrast is zero outside of
S. The imaginary part of the integral over the linear
term is zero. Thus the first term in eq. (26) represents
a pure phase contrast. On the other hand, integration
over the quadratic terms yields in the case D = 1,
O < 0 o the expected result
C= Z,4/S,

(27)

where the scattering cross section Z,4 of the specimen
determines the fraction of the elastically and inelastically scattered electrons that are removed by the aperture diaphragm. If the. anti-Friedel term is neglected,
we obtain the unrealistic result that the scattering absorption contrast is negative and proportional to the
number of scattered electrons which pass through the
hole of the aperture diaphragm. In the bright-field
mode, scattering absorption always produces positive
contrast; the object appears as a dark spot on a bright
background. On the other hand, the phase contrast can
have a positive or negative sign depending on the phase
shift.
Both phase contrast and scattering absorption contrast are simultaneously present in the bright-field image.
Of course the magnitude of each contribution strongly
depends on the specific object under investigation and
on the illumination and imaging modes. For thin biological objects the phase contrast dominates, while for
thicker objects the scattering absorption'contrast becomes the larger term. If the absolute values of the two
components become similar, negative phase contrast
should be avoided because it will be largely compensated by the positive scattering absorption contrast.
Yet the contrast will be greatly improved if both terms
have the same sign.

5. Phase contrast for partially coherent illumination
The curvature of the Ewald sphere can be neglected
for objects which are not thicker than the depth of
view
a =

(28)

In this case the phase-grating approximation [17] can
be used to calculate the phase contrast. The phasegrating approximation considers all atoms as projected
onto the object plane and neglects the influence of inelastic scattering. Inelastic scattering can be incorporated using the high-energy approximation of Olauber
[14]. A plane Ewald sphere means that the scattering
amplitude depends only on the projection
co = 0 - @ = ( k ± - K l ) / k

(29)

of the scattering vector k - K. The scattering angle ~o
should not be confused with the frequencies Wn defined in eq. (4).
Most biological objects are weak scatterers and can
be considered weak phase objects provided they are
thinner than the mean free path length l. The scattering amplitudes of these objects fulfill Friedel's law,
eq. (20). The range of validity of the weak phase object approximation also depends on the imaging mode;
e.g., in the case of hollow-cone dark-field illumination
the curvature of the Ewald sphere can only be neglected if the object is thinner than X/(2®2).
As an example of this condition let us consider two
atoms located on the optical axis. The two atoms cannot be resolved by an observer looking along the axis.
On the other hand, an off-axis observer can separate
the atoms and do this more easily in proportion to his
distance from the axis. Yet the observer has to remain
within the angular range of the scattered electrons in
order to see the atoms at all. Only a few electrons are
scattered in angles larger than the characteristic atomic
scattering angle
0,4 = 1/(ka), where a ~ 0.56 A,Z-1/4

(30)

is the screening radius of an atom of atomic number Z.
To obtain a reasonable collection efficiency, tilt angles
larger than 0,4 should be avoided at present day resolutions.
When these facts are taken into consideration, the
STEM dark-field images can only be described correctly by the weak phase object approximation if the ob-
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ject thickness h fulfills the conditions

h<<.l and h<<.X/(20~)~2.5Z-112A'~[X.

(31)

As an example, let us assume an acceleratirlg voltage
of 60 kV and a carbonaceous object (Z = 6). For these
values the standard phase object approximation [17]
correctly describes the STEM dark-field images only if
the object and the supporting film together are not
thicker than 25 ~,. This thickness is an order of magnitude smaller than the corresponding mean free path
length l. The same condition for the specimen thickness must be fulfilled in a CTEM which uses hollowcone dark-field illumination with a cone angle ® ~ 0A .
In the case of point scatterers (a = 0) eq. (30) and eq.
(31 b) show that the weak phase object approximation
holds only for infinitely thin objects, while the firstorder Born approximation, which contains information
about the z location of different atoms, remains valid
as long as plural scattering can be ignored. It should be
noted that the range in which the phase object approximation is valid can be significantly enlarged if the direction of the particle path inside the object is chosen
so that it lies half-way between the directions of the
incident and outgoing wave vectors.
A detailed discussion of the influence of the tilt
angle on the degree of coherence can be found in the
article by Fertig and Rose in this issue.

6. Nonstandard phase contrast o f thin objects

Most biological objects are so thin that the quadratic
terms in eq. (26) can be neglected. In these cases a linear
contrast transfer does exist. Because of the small aperture angles the Ewald sphere can be approximated by a
plane. Under these conditions the Fourier transform

~(to) : 93 (to) Fp(to)/X

(32)

of the image contrast can be written as the product of
the elastic scattering amplitude Fp of the projected object and a phase contrast transfer function (PCTF)

cB (to) = i/~2ofA (O)D(O) {.4 (to - O) e -i[~'(to - O ) - "r(o)]
- A(to + O) e i'['r(to+o)-'r(.O)l } d20.

The notation qfl for the PCTF was introduced by
Hanssen [18] ; the notation £(to) =qfl (to)/2 is widely
used in optics.
The PCTF is generally complex. In some special
cases it may become either real or entirely imaginary
depending on the chosen illumination. Eq. (33) also
describes the phase contrast in the STEM if one interprets O as the angle of detection.
McFarlane [10] emphasized that the nonrotationally
symmetric terms of the phase shift ~,(to + 0 ) - 7(®)
could not be predicted on general grounds of symmetry
However, according to aberration theory such terms do
occur if the lens is tilted and shifted with respect to the
optical axis of the microscope. This occurs in the case
of tilted illumination, where the central ray which intersects the center of the object plane can be considered
the new optical axis. This axis is generally curved and
is not identical with the symmetry axis of the microscope. Replacing the angle 0 by the scattering angle
to (0 = to + O) defines a new optical axis because the
scattering angle is measured from the direction of incidence. Tilting the axis introduces not only first-order
terms (defocus and axial astigmatism) but also a zeroorder term (displacement) and second-order terms (axial coma and threefold astigmatism). The small threefold axial astigmatism does not usually have to be taken
into account because it is caused by the fifth-order
spherical aberration of the objective lens.
All terms in the phase shift that contain uneven
powers of the scattering angle to do not show up in the
diffractogram. Indeed the third-order coma and the parasitic second-order axial aberrations cannot be determined from a Thon [19] diffractogram. Although these
aberrations do not affect the diffractogram, they may
nevertheless limit the actual resolution of the microscope.
In the case of hollow-cone illumination there is no
specific direction of incidence. The corresponding
PCTF is real and depends only on the absolute value
Itol = w of the scattering angle.

6.1. CTEM phase contrast with hollow-cone illumination

(33)

In the special case of axial illumination (® = 0) this expression reduces to
q~.(¢o) = 2£(to) = - 2 sin "),(to).
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(34)

Phase contrast under partially coherent illumination
was first investigated by Hanssen and Trepte [18].
These authors assumed hollow-cone illumination of
infinitely small width, and the cone angle ® was chosen
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to coincide with the beam-limiting aperture angle 0 o.
However, a slight misalignment of the illumination
angle causes a very strong reduction in the PCTF. Furthermore, it is extremely difficult to adjust the beamlimiting aperture with the required accuracy.
Therefore two questions remain: first, can a smooth
PCTF be obtained in the case of hollow-cone illumination of finite angular width; and second, how does the
beam-limiting aperture affect the shape of the PCTF?
We have investigated the extreme case, in which no
beam-limiting aperture is present. Two different optimal hollow-cone illumination modes were found; one
yields positive, the other negative phase contrast. In
the latter mode the objects appear as bright spots surrounded by dark rings.
It is convenient to express the defocus and the tilt
angles by means of normalized parameters
7" = A f ( k / C 3 ) I / 2 ,

v = O(C3Dk) 1/4 .

(35)

The parameter r was defined by Scherzer [2]. At present the notation A = r[x/~-~ [18] is widely used.
In the absence of a beam-limiting aperture the optim u m PCTF for negative phase contrast is obtained for
r ~ 3.7, v I ~ 1.04 and v 2 ~ 1.3, where v 1 and v 2 are
the limiting normalized inner and outer angles of the
hollow-cone illumination. In fig. 2 the PCTF is shown
for these parameters as a function of the normalized
scattering angle. For comparison we have plotted the
PCTF in the case of an infinitely small angular width
of the hollow cone and a cone angle v I = v 2 ~ 1.2.
With increasing scattering angle, this curve oscillates
very rapidly. The oscillations result from the contributions of the unfavorable lens zones; they do not occur
in the presence of a beam-limiting aperture. The locations of the maxima and minima of the oscillating
PCTF are functions of the cone angle. When the cone
has a small angular width the maxima and minima of
different cone angles start to overlap in the high spatial
frequency region, and the slope of the PCTF smoothes.
With increasing angular width the maxima and minima
of the wider oscillations in the low spatial frequency
region also start to overlap. Indeed, a very broad angular width completely washes out the oscillations; unfortunately, it also strongly reduces the PCTF. Therefore a compromise has to be made between the magnitude of the PCTF and the suppression of the oscillations. The number of oscillations increases with the
size of the cone angle.
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Fig. 2. Phase contrast transfer function of a CTEM used with
hollow-cone illumination in the absence of a beam-limiting
aperture plotted as a function of the normalized scattering
angle; - - extended angular width of the hollow-cone illumination, - - - infinitely small angular width. The illumination
parameters were chosen to give an optimum negative phase
contrast.

Negative phase contrast is of little use, since most
thin biological objects have to be stained with heavyatom compounds to become detectable. Heavy-atom
stains also produce a positive amplitude contrast, thus
diminishing the negative phase contrast. Therefore a
positive phase contrast is always desirable. If the illumination angle is only slightly smaller than the limiting aperture a large fraction (at least half) of the scattered electrons is removed by the diaphragm and a
relatively large scattering absorption contrast is produced.
This contrast is further enhanced by a positive phase
contrast if the illumination conditions of Hanssen and
Trepte [ 18] are applied. For a finite width of the hollow cone a reduction of the PCTF can be avoided if we
apply a defocus r = ~ (which is smaller than that of
Hanssen and Trepte by a factor of x/2) and an objective aperture 0 o ~ 1.39(~/Ca) 1/4. Almost no reduction in the PCTF occurs if the limiting illumination
angles stay within the range 1.31 ~< v I ~< v 2 < 1.39.
To demonstrate the influence of the aperture, we
have plotted in fig. 3 the PCTF for v I = 1.31, v2 = 1.39,
assuming that no beam-limiting aperture is present.
The PCTF has almost the same shape that it would
have if an aperture were present [18]. The only dif-
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0.4

in sign. Assuming a relatively broad angular width of
the hollow-cone illumination, we have calculated the
corresponding PCTFs in the case of an optimal chosen
aperture angle O0. The resulting PCTFs of the two illumination modes are plotted in fig. 4a and b for different values,
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Fig. 3. Phase contrast transfer function of a CTEM which uses
hollow-cone illumination of finite angular width yielding positive phase contrast; the absence of a beam-limiting aperture was
assumed.

ferences are the "ripples" in the mid-frequency region
and the weak negative contrast transfer in the low and
high spatial frequency regions. Due to the triangular
shape of the PCTF, artifacts and structural noise will
be greatly suppressed in the image. For very high spatial frequencies the PCTF is a strongly damped, slowly
oscillating function. Therefore the high spatial frequencies will not be transferred whether an aperture is present or not.
Instead of using a condensor aperture it is more advantageous to illuminate the object using a tilted beam
which rotates on a cone around the optical axis. Then
the illumination angles can easily be adjusted with the
necessary accuracy.
If the correction works, the resolution is limited by
the fifth-order spherical aberration, and the third-order
spherical aberration becomes an additional free parameter which can be used to improve the PCTF further.
To suppress the structural noise of nonresolved object
layers and to obtain three-dimensional images using
minimum doses, Hoppe [20] and Scherzer [5] suggested that low-dose micrographs be made with tilted illumination from different directions. The superposition
of images taken with a given tilt angle El at different
azimuths • represents an image obtained with hollowcone illumination. Scherzer demonstrated that the
phase shift of a corrected microscope can be properly
adjusted for tilted beam illumination at large tilt angles.
There are two different optimum illumination modes
that allow a relatively large angular width of the hollow cone. These modes yield phase contrasts opposite

of the normalized defocus. The chosen illumination
and aperture angles and the third-order aberration are
indicated in each figure. The sign of the fifth-order
spherical aberration constant C s determines which
mode gives the positive phase contrast. The optimum
PCTFs have a triangular shape, similar to that produced by self-luminous objects, and do not differ very
much in magnitude from those of an uncorrected microscope (see figs. 2, 3). The PCTF is strongly reduced
for object planes z o which lie at distances
Iz O - Zoptl ~ ( C s ~ 2 ) U3 = A c

(37)

from the optimal focused plane z = Zopt. Therefore
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Fig. 4a. Phase contrast transfer functions of a spherically corrected CTEM used with hollow-cone illumination yielding positive phase contrast for Cs > 0. The contrast is reversed if Cs
changes sign; ®1 and ®2 indicate the inner and outer illumination angles, 8o is the beam-limiting aperture angle and T the
normalized defocus (36).
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cannot be represented as a product of an envelope func
tion times the PCTF for coherent axial illumination.
This is only possible if the illumination angles are very
small compared to the objective aperture angle [21 ].
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Fig. 4b. Phase contrast transfer functions of a corrected CTEM
used with hollow-cone illumination, yielding negative phase
contrast for Cs > 0. (See 4a legend for explanation of symbols.)

only objects located within the region Iz o - Zoptl ~ Ac
will be imaged with relatively high phase contrast. For
all frequencies the PCTFs are more than twofold smaller than those for coherent axial illumination, but the
useful frequency range is almost doubled. Therefore
the contrast of objects such as single atoms, which
have a nearly constant frequency spectrum over the
entire transmitted frequency region, may become only
slightly reduced. In addition, the structural noise of the
nonresolved object layers is strongly suppressed by hollow-cone illumination. Thus the SIN determining the
amount of information can in some cases be significantly improved by going from axial to partially coherent illumination. With partially coherent illumination the contrast of relatively thick objects or heavy
atoms can be further enhanced when a beam-limiting
aperture is used to create a high scattering absorption
contrast, provided the tilt angle lies close to the limiting aperture angle.
Finally, it should be mentioned that for the large
illumination angles considered in this section, the PCTF

The STEM allows the use of difference signal techniques for image formation. Nonstandard phase contrast methods applying these techniques were first suggested by the author [6] and later by Dekkers and DeLang [22] and Veneklasen [16].
In a STEM the elastically scattered and unscattered
parts of the beam interfere with each other and modulate the intensity distribution in the illumination cone
beneath the object. The corresponding intensity distribution in the detector plane can be interpreted as a
time-varying Gabor hologram [23]. The information
contained in the interference pattern can be extracted
by a properly designed arrangement of detectors. The
greatest signal is obtained if the regions of constructive
and destructive interference are covered by separate
detectors.
The interference pattern depends strongly on the
aberrations of the lens, yet it does not vanish for an
aberration-free lens used in in-focus operation (3' = 0).
Dekkers and DeLang suggested that the difference
signal of a split detector could be used to form the
image. This detector consists of two half discs with
the bisection perpendicular to the scanning direction.
To avoid the necessity of mechanically rotating the
split detector when the direction of the scan is switched from x to y, it is advantageous to split the detector
into four sections (see fig. 5) and combine their signals
properly. In the following treatment we choose the xaxis as the direction of the scan.
It was first pointed out by the author [24] on theoretical grounds that differential phase contrast images
represent the gradient of the object potential taken in
the direction of the scan. The light optics experiments
of Dekkers and DeLang [22] and of Stewart [25] confirmed this suggestion. Stewart also calculated differential phase contrast images of a one-dimensional phase
grating. Unfortunately, these authors considered only
the PCTF for one-dimensional objects. To obtain complete information on the contrast transfer properties
of the split detector system the two-dimensional
PCTF £(to) = £(¢o, ~0) must be known. The angle ~b
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trast image of a STEM:

Y

/-L
JL/

~r Oo

z(to) i/(.o~)f f
=

(A(to

- O ) c o s [',,,(to - O ) - " r ( e ) ]

o o

- A ( t o + e ) c o s [ 7 ( t o + e ) - 7 ( O ) ] ) ® d ® dgP.

(39)

"X
This PCTF is a pure imaginary quantity, and it is antisymmetric under inversion through the origin:
£(m) = - £ ( - to) = - £ * ( t o ) .

I
Fig. 5. Scheme of a STEM split detector.

subtends the direction of the projected scattering vector and the direction of the scan (see fig. 6).
The STEM allows us to manipulate the signal of the
recorded electrons. In addition to producing the image
directly from the difference signal, it is also possible to
use the signal integrated with respect to time for image
formation. This is equivalent to an integration in the x
direction, since the length of scan is proportional to
time. Therefore the time-integrated signal should give
an image of the object potential itself. Such images
can also be obtained directly from the difference signal
of a ring detector system [6].
To decide which of the two methods is more appropriate, we must compare the SINs of the corresponding
images using the same doses of incident electrons. In
the absence of noise it is sufficient to compare the
PCTFs of the two imaging modes. The PCTF of the
ring detector system has an almost triangular shape and
depends only on the absolute value 6o/;~ of the spatial
frequency vector. A STEM operating in the phase contrast mode utilizes half of the elastically scattered electrons that remain within the illumination cone [6].
The PCTF of the image produced by the split detector system is not rotationally symmetric and depends
on both the absolute value and the direction of the
scattering vector. The detector response function D(O)
of the split detector is antisymmetric with respect to
an inversion through the origin:
D(O) = - D ( - O ) .
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(38)

By using this relation we derive from eqs. (33) and (34)
the following expression for the differential phase con-

(40)

It should be noted that exactly the same PCTF (39) is
obtained for a CTEM in the case of half-cone illumination if the limiting angle of the illumination and objective aperture coincide. To prove this statement we consider the PCTF of the images recorded independently
by each of the two halves of the split detector. From
eq. (33) we obtain

£1=½(£r+i£i),

*
£2 _ - - 12(£r-i£i)=£1
,

(41)

where the imaginary part i£ i is identical with (39).
The phase contrast vanishes for a disc detector
covering the entire illumination cone. This behavior
can only occur if the condition £1 + £2 = 0 is fulfilled.
By inserting the relations presented in (41) int~ this
equation it follows immediately that the real part £r
must be zero. From the reciprocity theorem it follows
that the CTEM image taken with half-cone illumination is identical to the STEM image obtained with a
half-disc detector. Yet the PCTF of the CTEM is twofold higher than the corresponding PCTF of a STEM.
They become identical if the difference signal of the
split detector forms the STEM image. It should be
noted that our result does not agree with the calculations of Stewart [25], who obtained different PCTFs
for the CTEM applying half-cone illumination and the
STEM using the difference signals of a split detector.
Our investigations showed that a difference between
the PCTFs occurs only for thick objects, in which case
the weak phase object approximation is no longer valid
and the contributions of the nonlinear terms lead to
different contrast transfers for the two imaging modes.
The split detector yields the greatest signal in the
case of a perfect lens and in-focus operation (7 = 0).
The corresponding PCTF is identical with the ratio of
the shaded area to the illumination area ~r0g shown in
fig. 6. The shaded area is that common to two half
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Fig. 6. The area of integration (shaded) of eq. (39).for the
phase contrast transfer function of a STEM using a split detector and an ideal lens (.y = 0). The scan is in the x direction.
circles of radius 0 o whose origins are separated by a
distance co. The bounding diameters are perpendicular
to the direction of the scan and form an angle 7r/2-~
with the direction of the scattering vector. An analytical expression has been found for the PCTF and is
given in the Appendix.
We have evaluated this formula and plotted the
lines £(*ox, coy) = 2(*o, qJ) = constant in fig. 7. To
demonstrate the dependence of the PCTF on the direction of the scattering angle, we have also plotted
2(,o, 0) as a function of *o for different angles 0 (fig.
8). No spatial frequencies perpendicular to the direction of the scan (qJ = ½1r) are transferred. As can be
u/o.

o_

®J

Fig. 7. The two-dimensional plot of -i~(O)) of the phase contrast transfer function ~ ((O) of the differential phase contrast
STEM image in the case of an ideal lens (3' = 0).

I

2
• ~o/oo

Fig. 8. The phase contrast transfer function £(to,~) of the differential phase contrast image for different angles ~ between
the directions of the scan and the spatial frequency (o/h. An
ideal lens (-/= 0) is assumed.
seen from fig. 7, the PCTF is symmetric with respect
to *oy/O o and antisymmetric with respect to *ox/Oo.
Therefore, we can write
2((0) = i*ox£'((o)/O o ,

(42)

where £'((t)) = £ ,(cox,
2 coy)
2 is real and an even function
with regard to both the COx and *oy coordinate. This
function also represents the PCTF of an image formed
by the integrated difference signal of the split detector.
This is due to the fact that an integration in real space
with respect to the x coordinate is equivalent to a multiplication by (i*oxk)- 1 in reciprocal space.
The function £'((0) can be used to check the degree
of accuracy with which the differential phase contrast
image represents the gradient of the object structure.
An exact gradient will be obtained when £'((o) is rotationally symmetric: £'(to) = £'(*o). Fig. 9 demonstrates
that £'(to) is not completely rotationally symmetric.
Nevertheless, the deviations are small, as can be seen
in fig. 10, which shows the PCTF for the two sections
~b = 0 and ~b = ½rr in which the deviations are the strongest.
Therefore, the image obtained from the direct signal of the split detector in fact represents to a very
good approximation an image of the object gradient
in the direction of scan. Differential phase contrast
images are especially suited to visualizing edges and
density variations.
In the case o f weak phase objects (31 ) and 3, ~ constant over the aperture the anti-Friedel term and the
quadratic terms o f the current density distribution in
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the detector plane are invariant under inversion through
the origin. Thus these terms are not present in the expression for the difference signal of the split detector.
This signal remains unchanged if the split detector
partly covers the dark-field region. The dark-field intensity distribution in the detector plane loses its invariance under inversion: for strong scatterers, 7 :/:
constant, and when the curvature of the Ewald sphere
must be taken into account. For example, asymmetry
becomes extremely strong if we consider a three-dimensional crystal whose axes are tilted with respect
to the optical axis.
It can be seen from figs. 9 and 10 that the PCTF
£ ' ( o ) has no zeros and resembles closely the wellknown triangular contrast transfer function of a selfluminous object in the case of an ideal lens. Thus
image formation using the time-integrated signal of a
split detector could be considered the optimum imaging method. Unfortunately, this holds true only in the
absence of noise. In reality, a parasitic noise is always
present. The influence of the noise on the image quality is revealed by the power spectrum
P(to) = 41£'(to)12 IF(to)/XI 2 + 02 [N(to)12/6Ox2 , (43)
where N(t~) is the noise spectrum of the direct signal.
It follows from eq. (43) that the integration suppresses

~y/OO

f

--ptox / Oo

Fig. 9. The two-dimensional phase contrast transfer function
£'(tO) of an ideal STEM (7 = 0) produced using the time-integrated signal o f a split detector for the image formation.
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Fig. 10. The phase contrast transfer function £'(w,t~) o f an
ideal STEM which operates in the mode described in fig. 9 for
spatial frequencies parallel (~0 = 0) and perpendicular Ok = 90 °)
to the direction of the scan.

the noise in the high spatial frequency region for frequencies with components ~ x = co cos ¢ > 00 and it
strongly enhances the noise when the frequency components ~ x are small compared to 0 o. Therefore it is
not possible to arbitrarily enhance spatial information
which has been suppressed in the direct signal. To avoid
artifacts the low spatial frequencies have to be filtered
out from the integrated signal. Then the resulting
PCTF becomes very similar to that of the ring detector system [26]. A more careful investigation shows
that when a high dose is used (low noise) the integrated signal of a split detector gives better images, while
the ring detector is better for low-dose imaging. Yet
the differences are too small to recommend use of
only one of the two modes. Moreover, the split detector using the integrated signal has two distinct disadvantages: first, the image resolution always has a slight
directional dependence; and second, unless the exact
intensity at the beginning of each line scan is known,
the image will be severely distorted in the direction
perpendicular to the scan. The intensity at the start
can be obtained, at least in principle, from a single
scan along the edge of the image in the y direction.
The integrated signal of this scan can be stored to
serve as the standard for the intensity at the boundary.
The better the starting points of each scan in the x
direction coincide with the corresponding points of the
y scan, the smaller will be the distortions in the final
image.
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7. Conclusions
Inelastic scattering does not necessarily result in a
loss of coherence. Indeed, the inelastically scattered
wave cannot interfere with the unscattered wave, but
it can interfere with the elastically and inelastically
scattered wave if the excitation process has been the
same in both cases. Therefore the phase contrast does
not vanish when all electrons have been scattered inelastically. Since inelastic scattering occurs predomin a n t l y in the forward direction it has approximately
the same effect on the phase contrast image as a broadening of the energy width of the incident electrons.
Due to the chromatic aberration of the objective lens,
the phase contrast diminishes in the CTEM with increasing energy width. This does not happen in the STEM
because no imaging lenses are beneath the object. Hence
the phase contrast in the STEM will not be significantly
deteriorated by additional inelastic scattering. This fact
is especially important for the imaging of relatively thick
biological objects.
In biological specimens approximately two inelastic
scattering processes occur on the average for each elastic scattering event. Consequently, when the object
thickness becomes comparable to the inelastic mean
free path length the CTEM phase contrast image will
be strongly blurred while the corresponding STEM
image remains sharp. The STEM image will only deteriorate when the object becomes so thick that most
electrons undergo more than one elastic scattering
process.
Hollow-cone bright-field illumination may become
a useful imaging mode in the CTEM. If the cone angles
are similar in size to the limiting angle of the aperture
diaphragm, the structural noise of the supporting film
as well as artifacts will be strongly suppressed. Furthermore, the scattering absorption contrast is very high
for this imaging mode because at least half of the
scattered electrons are removed by the aperture diaphragm independent of the resolution. This behavior
is quite different from that in the case of axial illumination, in which the scattering absorption contrast decreases with increasing resolution. On the other hand,
the phase contrast is significantly higher for this imaging mode but, unfortunately, so is the noise contrast.
The total contrast for hollow-cone illumination is
strongly enhanced if the contributions of phase and
scattering absorption contrast are equal in sign and

magnitude. The latter condition is fulfilled in the case
of strong scatterers and low voltages.
Our investigations of the STEM have shown that
the use of a split detector can be quite advantageous
for the imaging of weak phase objects. The difference
signal of the two half-disc detectors forms a differential phase contrast image which represents to a very
good approximation the gradient of the object structure. If instead of this signal the time-integrated signal
is displayed on the viewing screen, an image is obtained which fairly represents the object structure. The
corresponding PCTF has no zeros. Because no spatial
frequencies will be suppressed, the large as well as the
small object details should be equally well imaged. Yet
this is only true in the absence of noise. In practice,
noise is always present and the low spatial frequencies
have to be fdtered out to avoid severe artifacts. The
resulting images are almost the same as those obtained
with a ring detector arrangement.
The imaging modes we have outlined here have
some advantages over the standard imaging methods.
It is up to the experimentalists to show to what extent
the theoretical predictions hold true in practice.
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£i(x ) = { !

for0 ~;x ~ 2~

[arccos~-x-~x(1-~-x2)l/2 I

forx ~ 2

J

The PCTF can be written
(a) 0 < ~ < ~c
-i£(co,~) = ~-£i(2u) + (1/rr)(u-v)(1 - u 2 ) 1/2
--i£(to,~)=fi(co/O0) - £ i [ 2 ( 1 - u 2 ) 1/2]

for co ~ 20osin~0,

f o r w ~ 2 O o s i n ~.

(b) ¢: > ~c

-i£(co,~k) = ~£i(2u) + (iDr)(u-v)(l

_//2)112

for co < 20o(I +3 cos2~O)-I/2,
-i£(co,qJ) = ~-£i(2v) + ~-£i[2(I - u 2 ) 1/2 ]
+ (2Dr) v(l --V2)

1/2 --

(I/~r)(u +v)(l -u2) I/2

for 28o(I + 3 cos2~) -I/2 ¢ co < 20 o sin~,

Appendix

-i£(co,~) = £i(co/0o)

The PCTF for the differential phase contrast image can be
expressed analytically in the case of a perfect STEM ('r = 0).
Different formulas were obtained depending on the angle
and the absolute value co of the scattering vector ¢o. Using the
abbreviations
u 2 = 1 - (co/Oo) 2 cos2~O ,

v = (co~Co) sin ~ - u ,

for co > 20 o sin ~.

The criticalangle ~c which separates the two cases is given by

~kc = arc sin(3) -1/2 ~ 35.2 °.
These formulas have been evaluated numerically; the results are
shown in figs. 7 and 8.

